An integer n ≥ 1 is said to be practical if every natural number m ≤ n can be expressed as a sum of distinct positive divisors of n. The number of practical numbers up to x is asymptotic to cx/ log x,
Introduction
Following Srinivasan [3] , we call an integer n ≥ 1 practical if every natural number m ≤ n can be expressed as a sum of distinct positive divisors of n. The number of practical numbers up to x satisfies [5, Thm. 1.1]
The constant factor c is given by the sum of an infinite series [7, Thm. 1],
where γ is Euler's constant, P is the set of practical numbers, p runs over primes and σ(n) is the sum of the positive divisors of n. As a consequence, Corollary 1 of [7] states that 1.311 < c < 1.693. The purpose of this note is to establish a more precise estimate for c.
Theorem 1. We have 1.33606 < c < 1.33609.
While in [7] we used the extremal behavior of σ(n) to estimate the contribution to (1) from large n, here we apply the new identity in Lemma 2 together with the multiplicativity of σ(n). As a result, the remaining gap of 0.00003 in Theorem 1 is almost entirely due to the error term of Lemma 4 when estimating the inner sum over primes in (1).
Lemmas
As Lemmas 1 through 3 apply to other sets of numbers besides the practical numbers, we recall the general setup from [6] .
Let θ be an arithmetic function, θ : N → R ∪ {∞}. We write B to denote the set of positive integers containing n = 1 and all those n ≥ 2 with prime factorization n = p α 1 1 · · · p α k k , p 1 < p 2 < . . . < p k , which satisfy
where p α 1 1 · · · p α j j is understood to be 1 when j = 0. As in [6] , we assume, without any loss of generality, that
where P + (n) denotes the largest prime factor of n. Let B(x) be the number of positive integers n ≤ x in B. We write χ(n) to denote the characteristic function of the set B.
Sierpinski [2] and Stewart [4] found that if θ(n) = σ(n) + 1, then B = P. 
, the equation also holds at s = 1.
Proof. We first assume Re(s) > 1. Each natural number m with prime
On the other hand,
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Setting the right-hand sides equal and dividing by ζ(s)
For Re(s) > 1, the result follows now from Lemma 1. Note that the last sum has a finite number of terms and is therefore continuous from the right at s = 1. To show that the last equation, and hence Lemma 2, also holds at 
where p and q run over primes and
.
Proof. The multiplicativity of σ(n) and Lemma 2 yield n≥1 χ(n) n log σ(n) n p≤θ(n)
We have
Proof. See [7, Lemma 13] , which is a consequence of [1, Prop. 8].
Proof of Theorem 1
Throughout this section we assume that θ(n) = σ(n) + 1, so that B = P and χ(n) is the characteristic function of the set of practical numbers. We need to estimate α = (1 − e −γ )c = lim N →∞ α N , where
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We write α = α N + β N , with α N being computable by (4). To estimate β N , note that (3) implies
Let
by Lemma 1. The last equation allows us to calculate ε N on a computer. The contribution from −γ to (5) is −γε N . If n is practical, then n − 1 can be written as the sum of some proper divisors of n, so σ(n) − n ≥ n − 1 and θ(n) = σ(n) + 1 ≥ 2n. The contribution from η(θ(n)) to (5) in absolute value is therefore at most n>N χ(n) n |η(θ(n))| p≤θ(n)
by Lemma 4. It remains to estimate the contribution from log(θ(n)/n) to (5) , that is 
since 0 < log(1 + 1/σ(n)) < 1/σ(n) ≤ 1/(2n − 1) < 1/(2N ). Combining these estimates, we have
can be calculated on a computer and
by Lemma 3. We write
say. For practical n > N we have θ(n) > 2N , so
To calculate W q efficiently, we write
for J ≥ 2. Replacing W q by W q,J > W q in (7) yields
where
Replacing W q by W q,J in A N gives We divide both bounds for α by 1−e −γ to obtain bounds for c = α/(1−e −γ ). With J = 12 and N = 2 30 , we get 1.3360605 < c < 1.3360892.
